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6
Doing the “Best” We Can

While Chapter 4 introduced us to a general way of thinking about tastes, Chapter

5 gets much more specific and introduces particular dimensions along which we

might differentiate between tastes. In particular, we differentiate tastes based on

1. The curvature of individual indifference curves — or how quickly the MRS

changes along an indifference curve;

2. The relationships between indifference curves — or how the MRS changes

across indifference curves within an indifference map; and

3. Whether or not indifference curves cross horizontal or vertical axes or whether

they converge to the axes.

The first of these in turn determines the degree to which consumers are will-

ing to substitute between goods (and will lead to what we call the "substitution

effect" in Chapter 7) while the second of these determines how consumer behavior

responds to changes in income (and will lead to what we call the "income effect"

in Chapter 7). Finally, the third category of taste differences becomes important

in Chapter 6 where we will see how corner versus interior optimal solutions for a

consumer emerge.

Chapter Highlights

The main points of the chapter are:

1. The degree of substitutability or, in part B language, the elasticity of sub-

stitution for a consumer at a particular consumption bundle arises from the

curvature of the indifference curve at that bundle. There may be no sub-

stitutability (as in perfect complements) or perfect substitutability (perfect

substitutes) or an infinite number of cases in between these extremes.
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2. Quasilinearity and Homotheticity of tastes represent special cases that de-

scribe how indifference curves from the same map relate to one another.

These properties have no direct relationship to the concept of substitutabil-

ity. Tastes are quasilinear in a good x if the MRS only depends on the level

of x consumption (and not the level of other goods’ consumption. Tastes are

homothetic when the MRS depends only on the relative levels of the goods

in a bundle.

3. Sometimes it is reasonable to assume that indifference curves only converge

to the axes without ever crossing them; other times we assume that they cross

the axes. When an indifference curve crosses an axis, it means that we can

gain utility beyond what we have by not consuming even if we consume none

of one of the goods. When indifference curves only converge to the axes,

then some consumption of all goods is necessary in order for a consumer to

experience utility above what she would experience by not consuming at all.

4. If you are reading part B of the chapter, you should begin to understand the

family of constant elasticity of substitution utility functions — with perfect

complements, perfect substitutes and Cobb-Douglas tastes as special cases.

You should also be able to demonstrate whether a utility function is homoth-

etic or quasilinear. (Most utility functions we use in this text tend to be one

or the other.)

6A Solutions to Within-Chapter-Exercises for

Part A

Exercise 6A.1

In Chapter 2 we discussed a scenario under which my wife gives me a coupon

that reduces the effective price of pants to $10 a pair. Assuming the same tastes,

what would be my best bundle?

Answer: In that case, the slope of the budget constraint is −p1/p2 =−1 — so the

optimal bundle would have to have MRS =−1 as well. In describing tastes here, we

said that the MRS is equal to −1 at bundles where I have an equal number of shirts

and pants — that is, along the 45 degree line. Thus, the optimal bundle would occur

at the midpoint of the budget line that has intercepts of 20 on each axis — which is

at the bundle (10,10) — 10 pants and 10 shirts.

Exercise 6A.2

Suppose both you and I have a bundle of 6 pants and 6 shirts, and suppose that

my MRS of shirts for pants is −1 and yours is −2. Suppose further that neither one

of us has access to Wal-Mart. Propose a trade that would make both of us better off.
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Answer: In this case, you are willing to trade 2 shirts for 1 pair of pants whereas

I am willing to trade them one for one. Assuming we can trade fractions of shirts

and pants, a trade in which you give me 1.5 shirts for 1 pair of pants would make

you better off (because you would have been willing to give up as many as 2 shirts

for 1 pair of pants) and would also make me better off (because I would have been

willing to accept as little as 1 shirt for 1 pair of pants). If we don’t want to assume

we can trade in fractions of goods, then the trade of 3 shirts for 2 pants would work

similarly.

Exercise 6A.3

We keep using the phrase “at the margin” — as, for example, when we say that

tastes for those leaving Wal-Mart will be the “same at the margin.” What do economists

mean by this “at the margin” phrase?

Answer: “At the margin” means approximately around the bundle that we are

discussing. To say that tastes are the same “at the margin” is the same as saying that

around the bundles that individuals currently have (as they leave Wal-Mart), their

tastes are the same — but that’s not necessarily the same as saying that tastes are

the same everywhere. “At the margin” restricts our attention to just a small subset

of the larger space in which tastes reside.

Exercise 6A.4

In the previous section, we argued that Wal-Mart’s policy of charging the same

price to all consumers insures that there are no further gains from trade for goods

contained in the shopping baskets of individuals that leave Wal-Mart. The argu-

ment assumed that all consumers end up at an interior solution, not a corner so-

lution. Can you see why the conclusion still stands when some people optimize at

corner solutions where their MRS may be quite different from the MRS’s of those

who optimize at interior solutions?

Answer: When everyone optimizes at an interior solution, everyone’s MRS must

be the same as everyone else’s when they leave Wal-Mart — i.e. our tastes are the

same at the margin, thus allowing for no further gains from trade. Now imagine

that we consider shirts and pants — and someone leaves Wal-Mart with only shirts

and no pants. That person, call her person A, is therefore at a corner solution —

and for that corner solution to be optimal, it is almost certainly the case that this

person’s indifference curve is steeper than the budget constraint at the corner opti-

mum. Thus, this person’s tastes are not the same at the margin as those of the other

consumers who optimized at a point where the slope of their budget constraint was

equal to the slope of their indifference curve. Suppose, then, that person A’s MRS is

−4 and person B’s MRS is −2 — with person B at an interior solution and person A

at a corner solution where she buys only pants. Just looking at the MRS’s of the two

people, we could say that a trade in which person A gives up 3 shirts in exchange

for one pair of pants from person B would make both better off. After all, person B

is willing to accept as few as 2 shirts for a pair of pants but would now get 3 instead,
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and person A is willing to give up as many as 4 shirts for a pair of pants but, under

this trade, would only have to give up 3. The problem, however, is that person A

has only pants — and therefore has not shirts to give up in a trade. Since person A’s

MRS is higher in absolute value than person B’s (and since this has to be the case

in order for person A to be at a corner solution with only pants when person B is at

an interior solution), the only potential trades that benefit both are those that have

shirts going from A to B — but none of those trades is possible because A is at a

corner solution and therefore without shirts to give up. Thus, when A and B leave

Wal-Mart, there are no further gains from trade even if one (or both) of them is at a

corner solution and their tastes are not the same at the margin. Either people who

leave Wal-Mart are at an interior solution — in which case they have the same tastes

on the margin as everyone else who is at an interior solution and thus can’t trade

with each other anymore; OR people are at a corner solution and don’t have the

same tastes as others on the margin but can’t trade with them because they already

have traded away every unit of the thing they value less at the margin than others

who are at an interior solution. Either way, all gains from trade are exhausted in

Wal-Mart — and the distribution of goods for people leaving Wal-Mart is efficient.

Exercise 6A.5

Suppose the prices of Coke and Pepsi were the same. Illustrate that now there

are many optimal bundles for someone with my kind of tastes. What would be my

“best" bundle if Pepsi is cheaper than Coke?

Answer: When the prices of Coke and Pepsi are the same, then the budget con-

straint has the same slope as all the indifference curves. Therefore, one indifference

curve lies right on top of the budget constraint and is therefore “tangent” at every

point on the budget constraint. In that case, all bundles on the budget constraint

are optimal bundles for the consumer. This makes intuitive sense — if Coke and

Pepsi are priced the same and if I can’t tell the difference between the two, it doesn’t

matter how I allocate my spending across Coke and Pepsi.

Exercise 6A.6

Consider a set of points that compose a solid sphere. Is this set convex? What

about the set of points contained in a donut?

Answer: Any line connecting two points in a solid sphere must necessarily be

entirely contained within the sphere. Thus, a solid sphere is a convex set. If I pick

two points on opposite sides of a donut, on the other hand, the line connecting

them will lie (at least partially) outside the donut as it passes through the hole in

the middle of the donut. Thus, a donut is not a convex set.

Exercise 6A.7

We have just defined what it means for a set of points to be convex — it must

be the case that any line connecting two points in the set is fully contained in the
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set as well. In Chapter 4, we defined tastes to be convex when “averages are better

than (or at least as good as) extremes”. The reason such tastes are called ”convex”

is because the set of bundles that is better than any given bundle is a convex set.

Illustrate that this is the case with an indifference curve from an indifference map

of convex tastes.

Answer: Panels (a) and (b) of Exercise Graph 6A.7 illustrate two indifference

curves, one from a map in which indifference curves satisfy the convexity property,

and one from a map of indifference curves that does not satisfy convexity. In both,

the set of “better’ bundles is shaded. Two bundles, A and B , on each indifference

curve are chosen and the line connecting them is indicated. That line lies fully

in the shaded “better than” set in panel (a) but fully outside the shaded “better

than” set in panel (b). Thus, convexity of tastes implies convex “better than” sets for

each indifference curves, while non-convexities in tastes imply non-convex “better

than” sets for some indifference curves.

Exercise Graph 6A.7 : Convexity and Tastes

Exercise 6A.8

True/False: If a choice set is non-convex, there are definitely multiple “best”

bundles for a consumer whose tastes satisfy the usual assumptions.

Answer: False. Non-convexities in choice sets imply that there might be multi-

ple best bundles, not that there necessarily are for any given tastes of a consumer.

In other words, it is easy to construct an indifference curve that only has one tan-

gency on a non-convex budget constraint, but it is also possible to construct an

indifference curve (that satisfies the convexity of tastes property) which has more

than one tangency on a non-convex budget constraint.
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Exercise 6A.9

True/False: If a choice set is convex, then there will be a unique “best” bundle

assuming consumer tastes satisfy our usual assumptions and averages are strictly

better than extremes.

Answer: This is true. A convex choice set either bends out from the origin or is

a straight line with negative slope and positive intercepts. A strictly convex indif-

ference curve, on the other hand, bends toward the origin. Thus, as we move out

to higher indifference curves, there will come a point where the budge constraint

(that forms the boundary of a convex choice set) contains a single point in common

with the indifference curve (that forms a convex “better than” set.)

Exercise 6A.10

Suppose that the choice set is defined by linear budget constraint and tastes

satisfy the usual assumptions but contain indifference curves with linear compo-

nents (or “flat spots”). True/False: Then there might be multiple “best” bundles but

we can be sure that the set of “best” bundles is a convex set.

Answer: True. When indifference curves have “flat spots”, there is the potential

that the line segment of the indifference curve (i.e. the “flat spot”) has the same

slope as the budget constraint and therefore each bundle on that segment is opti-

mal (much like all bundles are optimal in the case of perfect substitutes when prices

were the same for Coke and Pepsi in exercise 6A.5). The set of optimal bundles is

then a line segment. Take any two points on the line segment, and it has to be the

case that all points that lie on the line (between the points) connecting them also

lies in the set of optimal bundles. Thus, the set of optimal bundles is itself a convex

set. Of course it might also be the case that, with such indifference curves, the op-

timal bundle does not occur on the flat spot — and is therefore just a single point.

But a set composed of a single point is trivially also a convex set.

Exercise 6A.11

True/False: When there are multiple “best” bundles due to non-convexities in

tastes, the set of “best” bundles is also non-convex (assuming convex choice sets).

Answer: True. When there are non-convexities in tastes, that means that the

indifference curves at some point bend away from the origin. If multiple optimal

bundles arise from that, it means that these bundles will not be connected as in

the previous exercise — which means that the line connecting them will contain

bundles that are not optimal. Thus, the set of optimal bundles is then non-convex.
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6B Solutions to Within-Chapter-Exercises for

Part B

Exercise 6B.1

Solve for the optimal quantities of x1, x2 and x3 in the problem defined in equa-

tion 6.11. (Hint: The problem will be considerably easier to solve if you take the

logarithm the utility function (which you can do since logarithms are order pre-

serving transformations that do not alter the shapes of indifference curves.))

Answer: Taking the hint in the problem, we can write the utility function as

v(x1, x2, x3) = 0.5ln x1+0.5ln x2+0.5ln x3 and the corresponding Lagrange function

as

L (x1, x2, x3,λ) = 0.5ln x1 +0.5ln x2+0.5ln x3 +λ(200−20x1 −10x2 −5x3). ( 6B.1.i)

Taking first order conditions with respect to each good, we get

0.5x−1
1 = 20λ

0.5x−1
2 = 10λ

0.5x−1
3 = 5λ

( 6B.1.ii)

Dividing the first equation by the second and solving for x2, we get x2 = 2x1.

Dividing the first equation by the third and solving for x3 we get x3 = 4x1. Sub-

stituting these into the budget constraint (which is the fourth first order condition

taken with respect to λ), we get

20x1 +10(2x1)+5(4x1) = 60x1 = 200, ( 6B.1.iii)

which implies x1 = 3.33. Then, using the fact that x2 = 2x1 and x3 = 4x1, we get

x2 = 6.67 and x3 = 13.33.

Exercise 6B.2

Set up the Lagrange function for this problem and solve it to see whether you

get the same solution.

Answer: The Lagrange function is

L (x1, x2,λ) =α ln x1 + x2 +λ(200−20x1 −10x2). ( 6B.2.i)

Taking first order conditions with respect to each variable in the Lagrange func-

tion, we get

α

x1
−20λ= 0

1−10λ = 0

200−20x1 −10x2 = 0

( 6B.2.ii)
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The second equation implies that λ= 1/10. Substituting this into the first equa-

tion, we get x1 = α/2, and substituting this into the last equation, we get x2 =

(200−10α)/10.

Exercise 6B.3

Demonstrate how the Lagrange method (or one of the related methods we in-

troduced earlier in this chapter) fails even worse in the case of perfect substitutes.

Can you explain what the Lagrange method is doing in this case?

Answer: Consider the utility function u(x1, x2) = x1+x2. The Lagrange function

would then be

L (x1, x2,λ) = x1 + x2 +λ(I −p1x1 −p2x2), ( 6B.3.i)

with the first two first order conditions of

1 =λp1

1 =λp2.
( 6B.3.ii)

Dividing these, we would get p1/p2 = 1 or p1 = p2. But that makes no sense — the

prices are taken as given by the consumer. So, suppose p1 = 1 and p2 = 2. The

first order conditions would then give us the “result” that p1 = 1 = p2 = 2. The La-

grange method fails because, as we have seen in the intuitive section of the chap-

ter, there generally are no interior solutions to the optimization problem for a con-

sumer whose tastes treat the goods as perfect substitutes. Instead, the consumer

simply consumes only the good that is cheaper. The only time there are interior

solutions occurs when p1 = p2 (our “result” from the Lagrange method) — but in

that case any bundle on the budget line is in fact optimal.

Exercise 6B.4

At what value for α will the Lagrange method correctly indicate an optimal con-

sumption of zero shirts? Which of the panels of Graph 6.10 illustrates this?

Answer: It would have to be the case that the MRS is equal to −p1/p2 = −2 at

x1 = 10. The MRS for the utility function u(x1, x2) =α ln x1 + x2 is

MRS =−

∂u/∂x1

∂u/∂x2
=−

α/x1

1
=−

α

x1
. ( 6B.4.i)

Thus, when α is such that −α/10 = −2, the MRS at x1 = 10 is exactly equal to

the slope of the budget constraint. Solving for α we get α= 20.

You can check that this is correct by solving the optimization problem with La-

grange function

L (x1, x2,λ) = 20ln x1 + x2 +λ(200−20x1 −10x2). ( 6B.4.ii)

The first two first order conditions of this problem are
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20

x1
= 20λ

1 = 10λ.

( 6B.4.iii)

These solve to give us x1 = 10 and, plugging this back into the budget constraint,

x2 = 0. This is exactly what is illustrated in panel (a) of Graph 6.10.

Exercise 6B.5

In the previous section, we concluded that the first order conditions of the La-

grange problem may be misleading when goods are not essential. Are these condi-

tions either necessary or sufficient in that case?

Answer: No. The conditions might not hold at the optimum (as we have seen in

the case of corner solutions) — which means they are not necessary conditions for

an optimum when goods are not essential. When they do hold, they might hold (as

we have seen) at negative consumption levels when corner solutions are optimal

— and so they are not sufficient. They are only sufficient for us to conclude we are

at an optimum if they lead to positive consumption levels — in that case we would

have an interior solution despite the fact that the goods are not essential.

Exercise 6B.6

Is it necessary for the indifference curve at the kink of the budget constraint to

have a kink in order for both problems in (6.26) to result in x1=6?

Answer: No, it is not necessary so long as the kink points out rather than in. At

the bundle (6,14), the indifference curve can have a slope between −2 and −1 and

the kink point will in fact be optimal. (If the kink points in, however, then only an

indifference curve that is also kinked at that bundle can result in this bundle being

an optimum.)

Exercise 6B.7

Using the intuitions from graphical analysis similar to that in Graph 6.14, illus-

trate how you might go about solving for the true optimum when a choice set is

non-convex due to an “inward” kink.

Answer: Essentially, there are three different possibilities, depicted in panels

(a) through (c) of Exercise Graph 6B.7. In panel (a), the optimal bundle is clearly

bundle A which in fact will be the solution to the Lagrange problem that uses the

steeper budget line. The Lagrange problem that uses the shallower budget line

might produce an “optimal” bundle that lies on the dashed portion of that shal-

lower budget — in which case we know it can’t be optimal given that the steeper

budget contains bundles that have strictly more of everything. Alternatively, the

Lagrange problem that uses the shallower budget might result in an “optimal” bun-

dle that lies on the solid portion of that shallower budget — but when we determine
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the utility level at that bundle and compare it to A we would find the utility at A to

be higher.

Exercise Graph 6B.7 : Optimization with an Inward Kink

In panel (b), the optimal bundle is B on the shallower portion of the budget

constraint. In that case, the Lagrange problem that uses the shallower budget will

find this optimal bundle. The Lagrange problem that uses the steeper budget might

find an “optimal” bundle on the dashed portion of the steeper budget (in which

case we would immediately know that it was not truly optimal since bundles with

more of everything are in fact available) or on the solid portion. In the latter case,

we we would compare the utility at that bundle to that from B and find that the

utility at B is greater.

Finally, panel (c) illustrates the special case where the Lagrange problem with

the steeper budget gives us A as the optimal bundle and the Lagrange problem with

the shallower budget gives us B — and when we plug both of them back into the

utility function, we find that they give the same utility. In that case, we have found

two optimal bundles.
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6C Solutions to Odd Numbered

End-of-Chapter Exercises

Exercise 6.1

I have two 5-year old girls — Ellie and Jenny — at home. Suppose I begin the

day by giving each girl 10 toy cars and 10 princess toys. I then ask them to plot their

indifference curves that contain these endowment bundles on a graph with cars on

the horizontal and princess toys on the vertical axis.

A: Ellie’s indifference curve appears to have a marginal rate of substitution of

−1 at her endowment bundle, while Jenny’s appears to have a marginal rate of

substitution of −2 at the same bundle.

(a) Can you propose a trade that would make both girls better off?

Answer: Any trade under which Jenny would give up x princess toys for 1

car and Ellie would accept x princess toys in exchange for giving up 1 car

would work so long as 1 < x < 2. This is because Jenny would be willing

to give up as many as 2 princess toys for 1 car — so the trade will make

her better off because she has to give up less; and Ellie would be willing to

accept as little as 1 princess toy to give up 1 car — so the trade will make

her better off because she gets more without giving up more.

(b) Suppose the girls cannot figure out a trade on their own. So I open a store

where they can buy and sell any toy for $1. Illustrate the budget constraint

for each girl.

Answer: The budget constraints would be the same for the two girls —

because they both have the same endowment point (10,10) and both face

the same prices (that result in a slope of −1). These constraints are illus-

trated in panels (a) and (b) of Exercise Graph 6.1, with the endowment

point labeled E .

Exercise Graph 6.1 : Toy Cars and Princess Toys
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(c) Will either of the girls shop at my store? If so, what will they buy?

Answer: We can then add Ellie’s indifference curve through her endow-

ment point in panel (a) and Jenny’s indifference curve through her en-

dowment point in panel (b). We know that Ellie’s is tangent to her budget

constraint because the budget constraint has a slope of −1 and the MRS

described in A is also −1 at the endowment bundle E . So Ellie does not

want to buy or sell anything at my store at these prices. Jenny’s indiffer-

ence curve at E , on the other hand, has slope −2 — and thus we know her

indifference curve cuts her budget constraint at E from above. This im-

plies that Jenny will have better points available in her choice set — with

all better points lying to the right of E . Jenny will therefore want to sell

princess toys and buy toy cars at my store.

(d) Suppose I do not actually have any toys in my store and simply want my

store to help the girls make trades among themselves. Suppose I fix the price

at which princess toys are bought and sold to $1. Without being specific

about what the price of toy cars would have to be, illustrate, using final

indifference curves for both girls on the same graph, a situation where the

prices in my store result in an efficient allocation of toys.

Answer: It would have to be that the girls have the same tastes at the mar-

gin when they leave my store. Thus, they would have to be at indiffer-

ence curves that are tangent to the same budget line (because their bud-

get goes through the same endowment bundle and has the same slope).

Since Jenny likes cars more than Ellie does at their endowment points,

this implies that Jenny will end up selling princess toys and buying cars

while Ellie will sell car toys and buy princess toys. For the allocation of

toys to be efficient, the price of cars will have to be set so that the number

of cars Ellie wants to sell is exactly equal to the number of cars that Jenny

wants to buy, and the number of princess toys Ellie wants to buy is exactly

equal to the number of princess toys Jenny wants to sell. Thus, the arrows

on each axis in panel (c) of the graph have to be the same size.

(e) What values might the price for toy cars take to achieve the efficient trades

you described in your answer to (d)?

Answer: We concluded in (a) that mutually beneficial trades had to have

terms of trades under which x princess toys are traded for 1 car, with x

falling between 1 and 2. The price of toy cars must therefore be between

1 and 2 times the price of princess toys, allowing consumers to buy be-

tween 1 and 2 times as many princess toys as toy cars with any given dol-

lar amount. Since the price of princess toys is fixed at $1, this implies that

the price of cars must lie between $1 and $2. You can see from panel (b)

that the price of cars can’t possibly be lower than $1 because at a price

of $1 Jenny wants to buy cars and sell princess toys but Ellie is willing to

do neither. Thus, the price of cars has to go up in order to induce Ellie to

be willing to sell cars and to induce Jenny to demand fewer cars. At the

same time, we could similarly show that the price can’t be higher than $2

— because at a price of $2, Jenny would no longer want to trade but Ellie
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would definitely want to sell cars for princess toys. Depending on exactly

what the indifference maps look like, some price between $1 and $2 will

therefore be just right.

B: Now suppose that my girls’ tastes could be described by the utility function

u(x1, x2) = xα
1 x(1−α)

2 , where x1 represents toy cars, x2 represents princess toys and

0 <α< 1.

(a) What must be the value of α for Ellie (given the information in part A)?

What must the value be for Jenny?

Answer: The MRS for this utility function is

MRS =−

∂u/∂x1

∂u/∂x2
=−

αxα−1
1 x1−α

2

(1−α)xα
1 x−α

2

=−

αx2

(1−α)x1
. (6.1.i)

At the bundle (10,10), Ellie’s MRS is −1 — which implies that α = 0.5 for

Ellie. Similarly, for Jenny the MRS is −2 at the bundle (10,10) — which

implies that α/(1−α) = 2 or α= 2/3 for Jenny.

(b) When I set all toy prices to $1, what exactly will Ellie do? What will Jenny

do?

Answer: We can solve the general optimization problem in terms of α by

writing the Lagrange function as

L (x1, x2,λ) = xα
1 x(1−α)

2 +λ(20− x1 − x2), (6.1.ii)

where the 20 in the parentheses following λ is simply the value of the en-

dowment of 10 car toys and 10 princess toys when the price of each is set

to 1. The first two first order conditions of this problem are

αxα−1
1 x1−α

2 =λ

(1−α)xα
1 x−α

2 =λ.
(6.1.iii)

Since the right hand side of each of these is equal to λ, we can just set the

left hand sides equal to each other and solve for x2 to get

x2 =
(1−α)

α
x1. (6.1.iv)

Plugging this into the budget constraint 20 = x1 + x2, we can solve for x1

to get x1 = 20α. Plugging this back into equation (6.1.iv), we can also get

x2 = 20(1−α).

Sinceα= 0.5 for Ellie, this implies Ellie’s optimal bundle is (x1 , x2) = (10,10)

— i.e. Ellie will not trade. Since α = 2/3 for Jenny, it means Jenny’s opti-

mal bundle is (x1, x2) = (13.33,6.67). Jenny will therefore want to trade

3.33 princess toys for 3.33 toy cars.
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(c) Given that I am fixing the price of princess toys at $1, do I have to raise or

lower the price of car toys in order for me to operate a store in which I don’t

keep inventory but simply facilitate trades between the girls?

Answer: As we already concluded in part A(e), I will have to raise the price

of cars to somewhere between $1 and $2.

(d) Suppose I raise the price of car toys to $1.40, and assume that it is possible

to sell fractions of toys. Have I found a set of prices that allow me to keep

no inventory?

Answer: The Lagrange function written in terms of α is then

L (x1, x2,λ) = xα
1 x(1−α)

2 +λ(24−1.4x1 − x2), (6.1.v)

where 24 is the value of the endowment (10,10). The first two first order

conditions are

αxα−1
1 x1−α

2 = 1.4λ

(1−α)xα
1 x−α

2 =λ.
(6.1.vi)

Dividing the first by the second (and thus canceling λ), we can solve for

x2 in terms of x1 to get

x2 =
1.4(1−α)

α
x1. (6.1.vii)

Substituting this into the budget constraint and solving for x1, we get x1 =

(24/1.4)α = 17.143α. Plugging this back into equation (6.1.vii) and solving

for x2, we get x2 = 24(1−α).

For Ellie, α = 0.5 — which implies her optimal bundle will be (8.571,12).

Thus, she wants to give up 1.429 of x1 in exchange for receiving 2 of x2.

For Jenny, α= 2/3 — which implies her optimal bundle will be (11.429,8).

Jenny therefore wants to get 1.429 of x1 in exchange for giving up 2 of x2.

The trades exactly offset each other — thus I have to keep no inventory

at these prices. I am simply facilitating efficient trade between Ellie and

Jenny by setting the price of cars equal to $1.40 (while setting the price of

princess toys to $1.00.

Exercise 6.3

Pizza and Beer: Sometimes we can infer something about tastes from observing

only two choices under two different economic circumstances.

A: Suppose we consume only beer and pizza (sold at prices p1 and p2 respec-

tively) with an exogenously set income I .

(a) With the number of beers on the horizontal axis and the number of pizzas

on the vertical, illustrate a budget constraint (clearly labeling intercepts

and the slope) and some initial optimal (interior) bundle A.

Answer: Panel (a) of Exercise Graph 6.3 illustrates the original budget line

containing the optimal bundle A.
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Exercise Graph 6.3 : Beer and Pizza

(b) When your income goes up, I notice that you consume more beer and the

same amount of pizza. Can you tell whether my tastes might be homo-

thetic? Can you tell whether they might be quasilinear in either pizza or

beer?

Answer: The shift in income is also indicated in panel (a), with the new

optimal bundle B containing more beer but the same amount of pizza.

Since the two indifference curves have the same MRS along the horizon-

tal line that holds pizza fixed at its original quantity, the tastes might in-

deed be quasilinear in pizza. But the tastes could not be homothetic —

because, on the ray that passes through A from the origin, the MRS is

greater in absolute value along the higher indifference curve than along

the lower. The only way this would not be the case is if pizza and beer

were perfect substitutes and the price of pizza is the same as the price of

beer. In that case, all points on both budgets are optimal — including A

initially and B after the income change. This would be the one case where

tastes are both quasilinear and homothetic.

(c) How would your answers change if I had observed you decreasing your beer

consumption when income goes up?

Answer: If I simply would have observed a decrease in your beer con-

sumption, I could say for sure that your tastes are not quasilinear in beer

(unless beer and pizza are perfect substitutes and prices happen to be

such that the slopes of the budget constraints are equal to the MRS ev-

erywhere). I could similarly conclude that your tastes are not quasilinear

in pizza — because, if you consume less beer with an increase in income,

you must be consuming more pizza (if pizza and beer is all you consume).

Finally, I could also say for sure that your tastes are not homothetic — be-

cause under homothetic tastes, consumption of all goods goes up with

increases in income. Again, the one exception is the case where pizza

and beer are perfect substitutes with MRS equal to the slopes of the bud-
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gets. In that case, we would again have tastes that are both quasilinear

and homothetic.

(d) How would your answers change if both beer and pizza consumption in-

creased by the same proportion as income?

Answer: This case is graphed in the second panel of Exercise Graph 6.3.

The original bundle A and the new optimal bundle B lie on the same ray

from the origin — with the indifference curves at both bundles tangent to

the same slope. Thus, along this ray, the two indifference curves we know

about have the same slope — which is consistent with tastes being homo-

thetic. But the vertical and horizontal lines through A will contain bun-

dles along uB where the MRS differs from that at A — which implies that

the tastes are not quasilinear, at least so long as we rule out the special

case that the goods are perfect substitutes and the ratio of prices happens

to be such that the budget lines have the same slope as the indifference

curves everywhere.

B: Suppose your tastes over beer (x1) and pizza (x2) can be summarize by the

utility function u(x1 , x2)= x2
1 x2 and that p1=2, p2=10 and weekly income I =180.

(a) Calculate your optimal bundle A of weekly beer and pizza consumption by

simply using the fact that, at any interior solution, MRS =−p1/p2.

Answer: Using the fact that we know MRS = −p1/p2 = −2/10 = −1/5 at

the optimum, we can write

MRS =−

∂u/∂x1

∂u/∂x2
=−

2x1x2

x2
1

=−

2x2

x1
=−

1

5
, (6.3.i)

and the last equality can be written as x2 = x1/10. Plugging this into the

budget constraint 180 = 2x1 +10x2, we get

180 = 2x1 +10
x1

10
= 3x1, (6.3.ii)

which solves to x1 = 60. Plugging this back into x2 = x1/10, we also get

x2 = 6.

(b) What numerical label does this utility function assign to the indifference

curve that contains your optimal bundle?

Answer: u(60,6) = (602)(6) = 21,600.

(c) Set up the more general optimization problem where, instead of using the

prices and income given above, you simply use p1, p2 and I . Then, derive

your optimal consumption of x1 and x2 as a function of p1, p2 and I .

Answer: The more general optimization problem is

max
x1 ,x2

u(x1, x2) = x2
1 x2 subject to p1x1 +p2x2 = I , (6.3.iii)

with corresponding Lagrange function
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L (x1, x2,λ) = x2
1 x2 +λ(I −p1x1 −p2x2). (6.3.iv)

The first two first order conditions are then

2x1x2 =λp1

x2
1 = λp2.

(6.3.v)

Dividing the first by the second equation, we get 2x2/x1 = p1/p2 which

can be solved for x2 to get x2 = (p1x1)/(2p2). Substituting this into the

budget constraint I = p1x1 +p2x2 (which is also the third first order con-

dition), we get

I = p1x1 +p2
p1x1

2p2
=

2p1x1

2
+

p1x1

2
=

3p1x1

2
, (6.3.vi)

and this can be solved for x1 as x1 = 2I /(3p1). Plugging this back into the

expression 2x2/x1 = p1/p2, we can then solve for x2 as x2 = I /(3p2).

(d) Plug the values p1=2, p2=10 and I =180 into your answer to B(c) and verify

that you get the same result you originally calculated in B(a).

Answer: Our solution so far was x1 = 2I /(3p1) and x2 = I /(3p2). Plug-

ging in the specific values for prices and income, we therefore get x1 =

2(180)/(3(2)) = 360/6 = 60 and x2 = 180/(3(10)) = 180/30 = 6 — 60 beers

and 6 pizzas just as we concluded in B(a).

(e) Using your answer to part B(c), verify that your tastes are homothetic.

Answer: You can tell how consumption of each good changes with in-

come by taking the derivative of x1 = 2I /(3p1) and x2 = I /(3p2) with re-

spect to I . This gives

∂x1

∂I
=

2

3p1
and

∂x2

∂I
=

1

3p2
. (6.3.vii)

Thus, as income increases, consumption of both goods increases linearly.

Put differently, as income doubles, consumption of both goods doubles.

This is true only for homothetic tastes where the MRS is the same along

rays from the origin — which implies that optimal bundles lie on rays

from the origin as income changes.

(f) Which of the scenarios in A(b) through (d) could be generated by the utility

function u(x1, x2) = x2
1 x2?

Answer: Only the last scenario in A(d) could be generated by this utility

function since we know it represents homothetic tastes. The scenario in

A(b) has tastes that are quasilinear in pizza, while the scenario in A(c)

has beer consumption decreasing with an increase in income (which is

inconsistent with what we derived before).
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Exercise 6.5

Suppose you have an income of $100 to spend on goods x1 and x2.

A: Suppose that you have homothetic tastes that happen to have the special

property that indifference curves on one side of the 45 degree line are mirror im-

ages of indifference curves on the other side of the 45 degree line.

(a) Illustrate your optimal consumption bundle graphically when p1 = 1= p2.

Answer: Panel (a) of Exercise Graph 6.5(1) illustrates the budget line in

this case. Symmetry around the 45-degree line implies that the slope of

indifference curves on the 45 degree line must be −1. Since the budget

constraint in this case also has slope −1, the optimum must occur on the

45 degree line. This is indicated as point A in the graph.

Exercise Graph 6.5(1) : Homothetic Tastes and Optimization

(b) Now suppose the price of the first 75 units of x1 you buy is 1/3 while the

price for any additional units beyond that is 3. The price of x2 remains at

1 throughout. Illustrate your new budget and optimal bundle.

Answer: This implies that the first 75 units of x1 cost $25, leaving you

with $75 to spend on x2. The kink point therefore happens at the bundle

(75,75). Since the price of x1 is 3 from then on, you can buy at most 25

more units with the $75 you have left after buying the first 75 units of

x1. The budget constraint therefore looks as it does in panel (b) of the

graph. The symmetry of the indifference curves then still implies that the

optimum happens on the 45 degree line at the kink point B .

(c) Suppose instead that the price for the first 25 units of x1 is 3 but then falls

to 1/3 for all units beyond 25 (with the price of x2 still at 1). Illustrate this

budget constraint and indicate what would be optimal.

Answer: After buying 25 units of x1 at $3 per unit, you have only $25 left.

Thus, the new kink point happens at (25,25). Since the resulting budget

line (graphed in panel (c)) is symmetric around the 45 degree line, the

symmetry of the indifference curves implies that there will be two optimal
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bundles (indicated by C and D). These may happen anywhere along the

budget line depending on how substitutable the two goods are for one

another. If the indifference curves themselves are kinked at the 45-degree

line, it may even be the case that C = D so long as the kink is more severe

than the kink of the budget constraint (as would be the case for perfect

complements).

(d) If the homothetic tastes did not have the symmetry property, which of your

answers might not change?

Answer: Without the symmetry property, the optimal bundle in (a) would

be to the left or right of the 45 degree line, and there would not be two

optimal bundles at symmetric distances from the 45 degree line in panel

(c). (There might still be two optimal bundles, or there might only be

one.) But in panel (b), the optimum might well still occur at the kink point

because many different marginal rates of substitution can be “tangent” at

that kink.

B: Suppose that your tastes can be summarized by the Cobb-Douglas utility func-

tion u(x1, x2) = x1/2
1 x1/2

2 .

(a) Does this utility function represent tastes that have the symmetry property

described in A?

Answer: Yes. The MRS for this utility function is −x2/x1 — which is equal

to −1 when x1 = x2 on the 45 degree line. We can furthermore see that the

symmetry holds — if we place x1 on the vertical instead of the horizontal

axis, the MRS simply switches to −x1/x2 and thus retains the same shape

as before.

(b) Calculate the optimal consumption bundle when p1 = 1 = p2.

Answer: The optimum occurs where MRS = −p1/p2 which is −x2/x1 =

−1. Solving for x2 we get x2 = x1, and plugging this into the budget con-

straint, we get x1 + x2 = x1 + x1 = 2x1 = 100 or x1 = 50 (which then also

implies x2 = 50).

(c) Derive the two equations that make up the budget constraint you drew in

part A(b) and use the method described in the appendix to this chapter to

calculate the optimal bundle under that budget constraint.

Answer: The first segment of the budget constraint is x2 = 100− (1/3)x1

and the second line segment is x2 = 300−3x1 . Optimal tangencies occur

where MRS = −x2/x1 = −p1/p2, which implies x2 = (p1x1)/p2 or x2 =

p1x1 since p2 = 1.

Along the first line segment, p1 = 1/3. Substituting x2 = p1x1 = (1/3)x1

into x2 = 100− (1/3)x1 , we get (1/3)x1 = 100− (1/3)x1 or (2/3)x1 = 100.

Solving for x1, we get x1 = 150 which lies on the portion of the budget line

that is not truly part of the kinked budget. This is illustrated as bundle A

in panel (a) of Exercise Graph 6.5(2).

Along the second line segment, p1 = 3. Substituting x2 = p1x1 = 3x1 into

x2 = 300−3x1 , we get 3x1 = 300−3x1 or 6x1 = 300. Solving for x1, we get

x1 = 50 which also lies on the portion of the budget line that is not truly
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part of the kinked budget. This is illustrated as bundle B in panel (a) of

Exercise Graph 6.5(2). Note that, due to the symmetry of the indifference

curves, bundles A and B lie on the same indifference curve.

Exercise Graph 6.5(2) : Homothetic Tastes and Optimization: Part 2

Since both optimization problems — i.e. the problems using both of the

extended line segments as budgets — result in solutions outside the ac-

tual kinked budget, the actual optimum lies at the kink point.

(d) Repeat for the budget constraint you drew in A(c).

Answer: The first segment of the budget constraint is now x2 = 100−3x1

and the second line segment is x2 = 33.33 − (1/3)x1. Optimal tangen-

cies occur again where MRS = −x2/x1 = −p1/p2, which implies x2 =

(p1x1)/p2 or x2 = p1x1 since p2 = 1.

Along the first line segment, p1 = 3. Substituting x2 = p1x1 = 3x1 into

x2 = 100−3x1 , we get 3x1 = 100−3x1 or 6x1 = 100. Solving for x1, we get

x1 = (100/6) = 16.67 which lies on the portion of the budget line that is in

fact part of the kinked budget. This is illustrated as bundle C in panel (b)

of Exercise Graph 6.5(2).

Along the second line segment, p1 = (1/3). Substituting x2 = p1x1 = (1/3)x1

into x2 = 33.33 − (1/3)x1, we get (1/3)x1 = 33.33 − (1/3)x1 or (2/3)x1 =

33.33. Solving for x1, we get x1 = 50 which also lies on the portion of the

budget line that is in fact part of the kinked budget. This is illustrated as

bundle D in panel (b) of Exercise Graph 6.5(2). Note again that, due to

the symmetry of the indifference curves, bundles C and D lie on the same

indifference curve. Both of these bundles are therefore optimal.

(e) Repeat (b) through (d) assuming instead u(x1, x2)= x3/4
1 x1/4

2 and illustrate

your answers in graphs.

Answer: The MRS for this function is MRS = −3x2/x1. Thus, optimal

solutions occur at MRS =−3x2/x1 =−p1/p2 or, equivalently, where x2 =

p1x1/3p2 which can furthermore be simplified to x2 = p1x1/3 since p2 =

1.
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When p1 = p2 = 1 as in part (b), our optimality condition reduces to x2 =

x1/3. Putting this into the budget constraint, we get x1+x2 = x1+(x1/3) =

100 or (4/3)x1 = 100. Solving for x1 we then get x1 = 75 which implies

x2 = 25. This is graphed as A in panel (a) of Exercise Graph 6.5(3).

Exercise Graph 6.5(3) : Homothetic Tastes and Optimization: Part 3

In the scenario of part (c), the first segment of the budget constraint is

x2 = 100− (1/3)x1 and the second line segment is x2 = 300− 3x1 . Sub-

stituting our optimality condition x2 = p1x1/3 into the first equation and

letting p1 = 1/3, we get x2 = (1/3)(x1/3) = 100− (1/3)x1 or (1/9)x1 = 100−

(1/3)x1 which solves to x1 = 225 which is clearly outside the actual kinked

budget and is illustrated as A in panel (b) of Exercise Graph 6.5(3). Sim-

ilarly, substituting our optimality condition x2 = p1x1/3 into the second

equation and letting p1 = 3, we get x2 = 3x1/3 = 300−3x1 or x1 = 300−3x1 .

Solving for x1, we get x1 = 75. This is exactly the kink point — and is there-

fore the optimal solution, illustrated as B in panel (b) of Exercise Graph

6.5(3).

In the scenario of part (d), the first segment of the budget constraint is

x2 = 100−3x1 and the second line segment is x2 = 33.33− (1/3)x1 . Sub-

stituting our optimality condition x2 = p1x1/3 into the first equation and

letting p1 = 3, we get x2 = 3(x1/3) = 100− 3x1 or x1 = 100− 3x1 which

solves to x1 = 25. This happens right at the kink point — which means it

could not possibly be an optimum since the indifference curve cuts the

other part of the budget constraint. This is illustrated in panel (c) of Exer-

cise Graph 6.5(3) where the kink point is denoted C . Substituting our op-

timality condition x2 = p1x1/3 into the second equation and letting p1 =

1/3, we get x2 = (1/3)x1/3 = 33.33− (1/3)x1 or (1/9)x1 = 33.33− (1/3)x1 .

Solving for x1, we get x1 = 75. This, illustrated as D in panel (c) of Exercise

Graph 6.5(3), is in fact on the actual kinked budget and is therefore the

optimal bundle.
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Exercise 6.7

Coffee, Milk and Sugar: Suppose there are three different goods: cups of coffee

(x1), ounces of milk (x2) and packets of sugar (x3).

A: Suppose each of these goods costs 25 cents and you have an exogenous income

of $15.

(a) Illustrate your budget constraint in three dimensions and carefully label

all intercepts.

Answer: At 25 cents a piece, I can buy as much as 60 of any one of the

goods with $15 assuming I don’t buy anything else. Thus, panel (a) in

Exercise Graph 6.7 has intercept of 60 on each axis (which makes all the

slopes equal to −1.)

Exercise Graph 6.7 : Coffee, Milk and Sugar

(b) Suppose that the only way you get enjoyment from a cup of coffee is to have

at least one ounce of milk and one packet of sugar in the coffee, the only

way you get enjoyment from an ounce of milk is to have at least one cup of

coffee and one packet of sugar, and the only way you get enjoyment from a

packet of sugar is to have at least one cup of coffee and one ounce of milk.

What is the optimal consumption bundle on your budget constraint.

Answer: The three goods are therefore perfect complements. This would

mean that you would want to consume equal amounts of all three goods

— which, given the prices and income, you would do when x1 = x2 = x3 =

20. Put differently, you would want to consume 20 perfectly balanced

cups of coffee (with an ounce of milk and a packet of sugar in each).

(c) What does your optimal indifference curve look like?

Answer: The indifference curve has a corner along the ray from the origin

on which all goods are represented in identical quantities. The rest of the



23 6C. Solutions to Odd Numbered End-of-Chapter Exercises

indifference “curve” is composed of planes parallel to each of the planes

formed by the axes in the graph but ending at the corner. Panel (b) of

Exercise Graph 6.7 is an attempt to graph this. Essentially, the indiffer-

ence “curve” is like three sides of a box with the corner of the box pointing

toward the origin and located along the ray that holds all goods equal to

one another.

(d) If your income falls to $10 — what will be your optimal consumption bun-

dle?

Answer: You would still want to consume the three goods in equal amounts

— which means now you could consume 2/3 of what you did before. Be-

fore, you were able to consume 20 cups of coffee (with milk and sugar).

Now you can only consume 40/3=13.33 cups (with milk and sugar).

(e) If instead of a drop in income the price of coffee goes to 50 cents, how does

your optimal bundle change?

Answer: Because the goods are perfect complements, it would still need

to be the case that you buy the same quantity of each of the goods. Thus,

0.5x1+0.25x2+0.25x3 = 15 but x1 = x2 = x3 at any optimum. Thus, letting

x denote the quantity of each of the goods, 0.5x + 0.25x + 0.25x = 15 or

x = 15. Thus, you would drink 15 cups of coffee with milk and sugar.

(f) Suppose your tastes are less extreme and you are willing to substitute some

coffee for milk, some milk for sugar and some sugar for coffee. Suppose that

the optimal consumption bundle you identified in (b) is still optimal under

these less extreme tastes. Can you picture what the optimal indifference

curve might look like in your picture of the budget constraint?

Answer: The indifference “curve” would still point toward the origin but

would now be more “bowl-shaped” rather than “box-shaped” since the

corner on the indifference curve would become smooth.

(g) If tastes are still homothetic (but of the less extreme variety discussed in (f)),

would your answers to (d) or (e) change?

Answer: If 20 cups of coffee with 20 ounces of milk and 20 packets of sugar

is optimal under the original income of $15, and if tastes are homothetic,

then the ratio of the goods will remains the same if income changes. Thus,

the answer to (d) does not change — you would consume 13.33 cups of

coffee with as many sugars and ounces of milk when income falls to $10.

But when opportunity costs change — as in (e) where the price of a cup of

coffee doubles, you will now substitute away from coffee and toward milk

and sugar. Thus, you would drink fewer cups of coffee than we concluded

in (e), but the coffee would be lighter (because of more milk) and sweeter

(because of more sugar).

B: Continue with the assumption of an income of $15 and prices for coffee, milk

and sugar of 25 cents each.

(a) Write down the budget constraint.

Answer: 0.25x1 +0.25x2 +0.25x3 = 15.
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(b) Write down a utility function that represents the tastes described in A(b).

Answer: u(x1, x2, x3) = min{x1, x2, x3}.

(c) Suppose that instead your tastes are less extreme and can be represented

by the utility function u(x1, x2, x3) = xα
1 x

β
2 x3. Calculate your optimal con-

sumption of x1, x2 and x3 when your economic circumstances are described

by the prices p1, p2 and p3 and income is given by I .

Answer: It becomes notationally a bit easier to just take the log of the util-

ity function before doing this problem. Thus, we can use the function

v(x1, x2, x3) = α ln x1 +β ln x2 + ln x3. This gives us an optimization prob-

lem that can be written as

max
x1 ,x2 ,x3

α ln x1 +β ln x2 + ln x3 subject to p1x1 +p2x2 +p3x3 = I . (6.7.i)

The Lagrange function for this problem is

L (x1, x2, x3,λ) =α ln x1+β ln x2+ln x3+λ(I−p1x1+p2x2+p3x3), (6.7.ii)

which gives us first order conditions of

α

x1
=λp1

β

x2
=λp2

1

x3
=λp3

p1x1 +p2x2 +p3x3 = I .

(6.7.iii)

Solving the third equation for λ and substituting this into the first and

second equations, we can solve for x1 and x2 to get

x1 =
αp3x3

p1
and x2 =

βp3x3

p2
. (6.7.iv)

We can then substitute these into the final first order condition (which is

equal to the budget constraint) to get

p1x1 +p2x2 +p3x3 = p1
αp3x3

p1
+p2

βp3x3

p2
+p3x3 = (α+β+1)p3x3 = I .

(6.7.v)

Solving for x3, and then using this to plug into equations (6.7.iv), gives

x1 =
αI

(α+β+1)p1
, x2 =

βI

(α+β+1)p2
and x3 =

I

(α+β+1)p3
. (6.7.vi)
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(d) What values must α and β take in order for the optimum you identified in

A(b) to remain the optimum under these less extreme tastes?

Answer: In A(b), p1 = p2 = p3 = 0.25 and I = 15. Thus, the solutions in

(6.7.vi) become

x1 =
60α

(α+β+1)
, x2 =

60β

(α+β+1)
and x3 =

60

(α+β+1)
. (6.7.vii)

In order for the solution to be x1 = x2 = x3 = 20 as in A(b), this implies that

α=β= 1.

(e) Supposeα and β are as you concluded in part B(d). How does your optimal

consumption bundle under these less extreme tastes change if income falls

to $10 or if the price of coffee increases to 50 cents? Compare your answers

to your answer for the more extreme tastes in A(d) and (e).

Answer: Using α = β = 1 as we have just concluded, the expressions be-

come x1 = I /(3p1), x2 = I /(3p2) and x3 = I /(3p3). Substituting p1 = p2 =

p3 = 0.25 and I = 10, we get x1 = x2 = x3 = 13.33 which is identical to

what we concluded in A(d) under the more extreme tastes. Substituting

p1 = 0.50, p2 = p3 = 0.25 and I = 15, on the other hand, we get x1 = 10,

x2 = 20 and x3 = 20. This differs from the answer in A(e) where no substi-

tutability between the goods was permitted — now you end up drinking

less coffee but with more milk and sugar in each cup.

(f) True or False: Just as the usual shapes of indifference curves represent two

dimensional “slices” of a 3-dimensional utility function, 3-dimensional

“indifference bowls” emerge when there are three goods — and these “bowls”

represent slices of a 4-dimensional utility function.

Answer: This is true. The utility function with three goods can be plotted

in 4 dimensions — one for each good and one to indicate the utility level

of each bundle — but the indifference “curves” hold utility fixed and can

therefore be represented in 3 dimensions. This is analogous to slicing

a 3 dimensional utility function with two goods to get two dimensional

indifference curves.

Exercise 6.9

Everyday Application: Price Fluctuations in the Housing Market: Suppose you

have $400,000 to spend on a house and “other goods” (denominated in dollars).

A: The price of 1 square foot of housing is $100 and you choose to purchase your

optimally sized house at 2000 square feet. Assume throughout that you spend

money on housing solely for its consumption value (and not as part of your in-

vestment strategy).

(a) On a graph with “square feet of housing” on the horizontal axis and “other

goods” on the vertical, illustrate your budget constraint and your optimal

bundle A.
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Answer: The budget constraint would have vertical intercept of $400,000

(since this is how much other goods you can consume if you buy no hous-

ing) and horizontal intercept of 4,000 square feet of housing (since that is

how much you can afford at $100 per square foot if you spend all your

money on housing.) The slope of this budget is −100. The budget is de-

picted as the solid line in panel (a) of Exercise Graph 6.9.

Exercise Graph 6.9 : Housing Price Fluctuations

(b) After you bought the house, the price of housing falls to $50 per square foot.

Given that you can sell your house from bundle A if you want to, are you

better or worse off?

Answer: The (dashed) new budget line is also drawn in panel (a) of the

graph. Note that it has to go through A because A is your endowment

point once you have bought the 2000 square foot house. Thus, you can

always choose to consume that bundle regardless of what happens to

prices. But you can also sell your 2000 square foot house for $100,000

— which would give you $300,000 in consumption, your new vertical in-

tercept. Or you can take that $300,000 and spend it on a new house and

thereby buy as much as a 6,000 square foot house since housing now only

costs $50 per square foot. Since your indifference curve at A is tangent to

your original budget line, the new (shallower) budget line cuts that indif-

ference curve from below at bundle A. All the new bundles that are now

affordable and that lie above the original indifference curve u A therefore

lie to the right of A. You are better off at any of those bundles on the

dashed line that lie above the indifference curve u A .

(c) Assuming you can easily buy and sell houses, will you now buy a different

house? If so, is your new house smaller or larger than your initial house?

Answer: You will buy a larger house — since all the better bundles on the

dashed line in panel (a) are to the right of A and therefore include a house

larger than 2000 square feet.

(d) Does your answer to (c) differ depending on whether you assume tastes are

quasilinear in housing or homothetic?

Answer: No — in both cases you would end up better off consuming a

larger house.
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(e) How does your answer to (c) change if the price of housing went up to $200

per square foot rather than down to $50.

Answer: Panel (b) of Exercise Graph 6.9 illustrates this change in prices.

The original budget constraint (from $400,000 on the vertical to 4,000

square feet on the horizontal axis) with bundle A is replicated from panel

(a) and illustrates the budget when the price per square foot of housing

is $100. The steeper bold line going through A illustrates the new budget

line when A is the endowment point and the price of housing goes to $200

per square foot. If you sell your 2000 square foot house at $200 per square

foot, you would get $400,000 for it — which, added to the $200,000 you

have would give you as much as $600,000 in consumption if you choose

not to buy another house. If you do buy another house, the largest pos-

sible house at the new prices is now a 3000 square foot house. But you

can always choose to stay at A — so A too is on the new budget line. The

bundles on the new bold budget that also lie above the indifference curve

u A all lie to the left of A — indicating that the new house that you would

purchase would be smaller than your original 2000 square foot house.

(f) What form would tastes have to take in order for you to not sell your $2000

square foot house when the price per square foot goes up or down?

Answer: The indifference curve through A would have to have a kink in it,

as would be the case if housing and other goods are perfect complements.

This is illustrated in panel (c) of Exercise Graph 6.9 where all three budget

lines are drawn, as is an indifference curve u A that treats the two goods

as perfect complements. Technically, it could also be the case that the in-

difference curve through A has a less severe kink at A — one where the

slope to the left of A is steeper than the bold budget line and the slope to

the right of A is shallower than the slope of the dashed budget line. What

is important is that there is a sufficiently severe kink — with no substi-

tutability on the margin between the goods at the kink point. If there is no

kink at A — i.e. if there is any substitutability at the margin between hous-

ing and other goods at A — then the bold and dashed indifference curves

must necessarily cut the indifference curve at A in the ways (though not

necessarily with the magnitudes) illustrated in (a) and (b).

(g) True or False: So long as housing and other consumption is at least some-

what substitutable, any change in the price per square foot of housing makes

homeowners better off (assuming it is easy to buy and sell houses.)

Answer: This is true, as just argued in the previous answer.

(h) True or False: Renters are always better off when the rental price of housing

goes down and worse off when it goes up.

Answer: This is true. Renters do not have endowment points in this model

as homeowners do. So changes in the rental price of housing rotate the

budget line through the vertical intercept — which implies that a drop

in housing prices unambiguously expands the budget set at every level

of housing and an increase in housing prices unambiguously shrinks the

choice set at every level of housing.
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B: Suppose your tastes for “square feet of housing” (x1) and “other goods” (x2)

can be represented by the utility function u(x1, x2) = x1x2.

(a) Calculate your optimal housing consumption as a function of the price of

housing (p1) and your exogenous income I (assuming of course that p2 is

by definition equal to 1.)

Answer: We want to solve the problem

max
x1,x2

u(x1, x2) = x1x2 subject to p1x1 + x2 = I . (6.9.i)

The Lagrange function for this problem is

L (x1, x2,λ) = x1x2 +λ(I −p1x1 − x2), (6.9.ii)

which give us first order conditions

x2 =λp1

x1 =λ

p1x1 + x2 = I .

(6.9.iii)

Substituting the second equation into the first, we get x2 = x1p1, and sub-

stituting this into the last equation, we get p1x1+p1x1 = I or x1 = I /(2p1).

Finally, plugging this back into x2 = x1p1, we get x2 = I /2.

(b) Using your answer, verify that you will purchase a 2000 square foot house

when your income is $400,000 and the price per square foot is $100.

Answer: We just concluded that x1 = I /(2p1). When p1 = 100 and I =

400,000, this implies x1 = 400,000/(2(100)) = 2000.

(c) Now suppose the price of housing falls to $50 per square foot and you choose

to sell your 2000 square foot house. How big a house would you now buy?

Answer: By selling your 2000 square foot house at $50 per square foot, you

would make $100,000. Added to the $200,000 you had left over after you

bought your original 2000 square foot house, this gives you a total income

of $300,000. Plugging I =300,000 and p1 = 50 into our equation for the

optimal housing quantity x1 = I /(2p1), we get x1=300,000/(2(50))=3000.

Thus, you will buy a 3000 square foot house.

(d) Calculate your utility (as measured by your utility function) at your initial

2000 square foot house and your new utility after you bought your new

house? Did the price decline make you better off?

Answer: Your initial consumption bundle was (2000, 200000). That gives

utility

u(2000,200000) = 2000(200000) = 400,000,000. (6.9.iv)

When price fell, you end up at the bundle (3000,150000) which gives util-

ity
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u(3000,150000) = 3000(150000) = 450,000,000. (6.9.v)

Since your utility after the price decline is higher than before, you are bet-

ter off.

(e) How would your answers to B(c) and B(d) change if, instead of falling, the

price of housing had increased to $200 per square foot?

Answer: Again, we have already calculated that x1 = I /(2p1) and x2 = I /2.

When price increases to $200 and you already own a 2000 square foot

house, you can now sell your house for $400,000 which, added to the

$200,000 you had left over after buying your original house, gives you up

to $600,000 to spend. Treating this as your new I and plugging in the new

housing price p1 = 200, we then get that your new optimal bundle has

x1 = 600000/(2(200)) = 1500 and x2 = 600000/2 = 300,000. Thus you will

buy a 1500 square foot house and consume $300,000 in other goods. This

gives you utility

u(1500,300000) = 1500(300000) = 450,000,000, (6.9.vi)

which is greater than the utility you had originally and equal to the utility

you received from the price decrease before. Thus, a price increase to

$200 per square foot makes you better off, exactly as much as a drop in

price to $50 per square foot. You are therefore indifferent between the

price increase and the price decrease.

Exercise 6.11

Business Application: Quantity Discounts and Optimal Choices: In end-of-chapter

exercise 2.9, you illustrated my department’s budget constraint between “pages copied

in units of 100” and “dollars spent on other goods” given the quantity discounts our

local copy service gives the department. Assume the same budget constraint as the

one described in 2.9A.

A: In this exercise, assume that my department’s tastes do not change with time

(or with who happens to be department chair). When we ask below whether

someone is “respecting the department’s tastes” we mean whether that person

is using the department’s tastes to make optimal decisions for the department

given the circumstances faced by the department. Assume throughout that my

department’s tastes are convex.

(a) True or False: If copies and other expenditures are very substitutable for

my department, then you should observe either very little or a great deal of

photocopying by our department at the local copy shop.

Answer: This is true. Panel (a) of Exercise Graph 6.11 illustrates one pos-

sibility of this with a single indifference curve tangent at low and high

numbers of photocopies (bundles A and B). If the indifference curves

have more curvature, then the tangency would lie on the middle portion
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of the budget constraint with a single optimal quantity that lies in be-

tween what one might consider as high and low. It is of course also possi-

ble that indifference curves with very little curvature are steeper that the

steepest part of the budget — leading to an extreme corner solution on

one end of the budget; or that they are very shallow leading to an extreme

corner solution on the other end.

Exercise Graph 6.11 : Discounts and Photocopies

(b) Suppose that I was department chair last year and had approximately 5,000

copies per month made. This year, I am on leave and an interim chair

has taken my place. He has chosen to make 150,000 copies per month.

Given that our department’s tastes are not changing over time, can you say

that either I or the current interim chair is not respecting the department’s

tastes?

Answer: No, we cannot say that with any certainty. In fact, the indiffer-

ence curve in panel (a) of Exercise Graph 6.11 illustrates the case where

both chairs are respecting the department’s tastes despite making very

different decision. The reason for this is the non-convexity in the budget

set created by the discount policy of the photocopy store.

(c) Now the interim chair has decided to go on vacation for a month — and

an interim interim chair has been named for that month. He has decided

to purchase 75,000 copies per month. If I was respecting the department’s

tastes, is this interim interim chair necessarily violating them?

Answer: No, not necessarily. Panel (b) of the graph gives and example of

an indifference curve that would make both choices, A and C , optimal

from the department’s perspective.

(d) If both I and the initial interim chair were respecting the department’s

tastes, is the new interim interim chair necessarily violating them?

Answer: Again, not necessarily. This is illustrated in panel (c) of Exercise

Graph 6.11.

B: Consider the decisions made by the 3 chairs as described above.

(a) If I and the second interim chair (i.e. the interim interim chair) both re-

spected the department’s tastes, can you approximate the elasticity of sub-

stitution of the department’s tastes?
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Answer: The elasticity of substitution σ is given by

σ=
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, (6.11.i)

where bundle A is (50,4750) and C is (750,2275) as depicted in panel (c)

of the graph. We furthermore know that MRS A
= −5 and MRSC

= −3.5.

Thus

σ=

∣

∣

∣

∣

(

(4750/50)− (2275/750)

4750/50

)(

−5

−5− (−3.5)

)
∣
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∣

∣

= 3.23. (6.11.ii)

(b) If the first and second interim chairs both respected the department’s tastes,

can you approximate the elasticity of substitution for the department?

Answer: Now the relevant bundles are C=(750,2275) and B=(1500,400)

with MRSC
=−3.5 and MRSB

=−2, which implies

σ=

∣

∣

∣

∣

(

(2275/750)− (400/1500)

2275/750

)(

−3.5

−3.5− (−2)

)
∣

∣

∣

∣

= 2.13. (6.11.iii)

(c) Could the underlying tastes under which all three chairs respect the de-

partment’s tastes be represented by a CES utility function?

Answer: Since we get different elasticity of substitution estimates from

the different pairs of choices, tastes that rationalize all three choices given

the budget constraint cannot be represented by a constant elasticity of

substitution utility function that has the same elasticity of substitution

everywhere.

Exercise 6.13

Policy Application: Food Stamps versus Food Subsidies: In exercise 2.13, you con-

sidered the food stamp programs in the US. Under this program, poor households re-

ceive a certain quantity of “food stamps” — stamps that contain a dollar value which

is accepted like cash for food purchases at grocery stores.

A: Consider a household with monthly income of $1,500 and suppose that this

household qualifies for food stamps in the amount of $500.

(a) Illustrate this household’s budget, both with and without the food stamp

program, with “dollars spent on food” (on the horizontal axis) and “dollars

spent on other goods” on the vertical. What has to be true for the house-

hold to be just as well off under this food stamp program as it would be if

the government simply gave $500 in cash to the household (instead of food

stamps)?

Answer: Panel (a) of Exercise Graph 6.13 illustrates these two budgets.

The budget under food stamps has a flat spot at the top because the first

$500 in food consumption can be paid for through the food stamps but

non-food items cannot be paid for with those stamps. As long as the

household would have purchased at least $500 in food under a budget of



Doing the “Best” We Can 32

$2,000 per month, the food stamp program is exactly like a cash subsidy

program for this household. Put differently, so long as the indifference

curve tangent to the extended outer budget in panel (a) is tangent at food

consumption levels greater than $500, there is no difference between the

two types of programs.

Exercise Graph 6.13 : Food Stamps, Cash and Food Subsidies

(b) Consider the following alternate policy: Instead of food stamps, the gov-

ernment tells this household that it will reimburse 50% of the household’s

food bills. On a separate graph, illustrate the household’s budget (in the

absence of food stamps) with and without this alternate program.

Answer: Panel (b) of the graph illustrates the initial budget (going from

$1500 on the vertical axis to $1500 on the horizontal) and the new budget

that has shallower slope because $1 of food now only costs 50 cents.

(c) Choose an optimal bundle A on the alternate program budget line and

determine how much the government is paying to this household (as a ver-

tical distance in your graph). Call this amount S.

Answer: This is also illustrated in panel (b) of the graph. At bundle A, the

household is consuming x A
1 in food. We can then read off the vertical axis

how much in other consumption the household was able to undertake at

A and compare it to how much it would have been able to consume of

other goods had it consumed x A
1 in food prior to the subsidy. The differ-

ence between these two amounts is S.

(d) Now suppose the government decided to abolish the program and instead

gives the same amount S in food stamps. How does this change the house-

hold’s budget?

Answer: This change is illustrated in panel (c) of the graph. In both cases,

the bundle A will be available to the consumer because the government

is giving S under both programs. However, under the food stamp pro-

gram, the subsidy amount remains the same regardless of how much food

the household consumes, whereas under the price subsidy program the

amount of government transfer decreases if the household consumes less
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food and increases if it consumes more food. Put differently, there is no

change in opportunity costs under the cash subsidy, with the price of food

going back up to $1 for every $1 of food.

(e) Will this household be happy about the change from the first alternate pro-

gram to the food stamp program?

Answer: The household prefers the food stamps to the price subsidy. You

can see this in panel (c) where the indifference curve that makes A op-

timal under the price subsidy is tangent to the shallower (price subsidy)

budget. But this means that the new food stamp budget cuts this indif-

ference curve from above, making a set of new bundles that lie above the

indifference curve u A available to the household.

(f) If some politicians want to increase food consumption by the poor and oth-

ers just want to make the poor happier, will they differ on what policy is

best?

Answer: Yes, they will differ. The food price subsidy causes the poor to

consume more food whereas the equally costly food stamp program is

more preferred by poor households (i.e. makes them happier).

(g) True or False: The less substitutable food is for other goods, the greater the

difference in food consumption between equally funded cash and food sub-

sidy programs.

Answer: This is false. Imagine making u A in panel (c) of our graph the

shape that presumes food and other goods are perfect complements. In

that case, the equally costly food stamp program, which still contains A,

will no longer cut the indifference curve u A — thus eliminating the “bet-

ter” bundles on the food stamp budget that we identified in panel (c). The

household would therefore consume the same amount of food under ei-

ther program. Then imagine increasing the substitutability between food

and other goods at point A — as you do so, more and more “better” bun-

dles become available.

(h) Consider a third possible alternative — giving cash instead of food stamps.

True or False: As the food stamp program becomes more generous, the

household will at some point prefer a pure cash transfer over an equally

costly food stamp program.

Answer: This is true and relates to our answer to part (a). Since food

stamps can only be spent on food, they are equivalent to cash so long

as the household would choose to spend at least the value of food stamps

on food even if the stamps were replaced by cash. But as the food stamp

program becomes more generous, it will at some point be the case that

the household would in fact use the food stamps to buy non-food items if

it could — and it is at that point that the household would strictly prefer

the cash program over the food stamp program.

B: Suppose this household’s tastes for spending on food (x1) and spending on

other goods (x2) can be characterized by the utility function u(x1, x2) =α ln x1 +

ln x2.
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(a) Calculate the level of food and other good purchases as a function of I and

the price of food p1 (leaving the price of dollars on other goods as just 1).

Answer: We are asked to solve the problem

max
x1 ,x2

u(x1, x2) =α ln x1 + ln x2 subject to p1x1 + x2 = I . (6.13.i)

The Lagrange function for this problem is

L (x1, x2,λ) =α ln x1 + ln x2 +λ(I −p1x1 − x2), (6.13.ii)

which gives rise to first order conditions, the first two of which are

α

x1
= λp1

1

x2
= λ

(6.13.iii)

Substituting the second equation into the first for λ, we get x2 = p1x1/α.

And substituting this into the budget constraint (which is the third first

order condition), we get p1x1+x2 = p1x1+p1x1/α= I which we can solve

for x1 to get

x1 =
αI

(α+1)p1
, (6.13.iv)

and substituting this back into x2 = p1x1/α,

x2 =
I

(α+1)
. (6.13.v)

(b) For the household described in part A, what is the range of α that makes

the $500 food stamp program equivalent to a cash gift of $500?

Answer: The food stamps are equivalent to a cash gift so long as the house-

hold would have spent at least the value of the food stamps on food were

it to receive the cash gift instead. Our household has income I = 1500 and

the price of food is p1 =$1 in the absence of a price subsidy. To determine

the value ofα at which the household would buy exactly $500 of food with

a cash gift of $500, we need to substitute $2,000 for I and $1 for p1 into

our equation for x1, set it to $500 and solve for α; i.e.

2000α

α+1
= 500 implies α=

1

3
. (6.13.vi)

Thus, for α > 1/3, the cash subsidy is equivalent to the food stamp pro-

gram of $500.
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(c) Suppose for the remainder of the problem that α = 0.5. How much food

will this household buy under the alternate policy described in A(b)?

Answer: Under this policy, p1 drops to 1/2 while I remains at 1500. The

household will therefore buy

x1 =
αI

(α+1)p1
=

0.5(1500)

1.5(0.5)
= 1000. (6.13.vii)

(d) How much does this alternate policy cost the government for this house-

hold? Call this amount S.

Answer: If the household buys $1,000 of food and the government reim-

burses half, then S = 500.

(e) How much food will the household buy if the government gives S as a cash

payment and abolishes the alternate food subsidy program?

Answer: In that case, I = 1500+S = 1500+500 = 2000 and p1 goes back to

1. Thus,

x1 =
αI

(α+1)p1
=

0.5(2000)

1.5(1)
= 666.67. (6.13.viii)

(f) Determine which policy — the price subsidy that leads to an amount S

being given to the household, or the equally costly cash payment in part (e)

— is preferred by the household.

Answer: Under the price subsidy policy, the household pays $500 to get

$1000 of food, leaving it with $1000 in other consumption. Thus, it con-

sumes a bundle (1000,1000). This gives utility

u(1000,1000) = 0.5ln(1000)+ ln(1000) = 10.362. (6.13.ix)

Under the cash subsidy policy, the household gets $500 in cash to raise

its total income to $2000 of which it spends $666.67 on food, leaving it

with $1333.33 in other spending; i.e. under cash subsidy, the household

consumes bundle (667.67,1333.33). This gives utility

u(666.67,1333.33) = 0.5ln(666.67)+ ln(1333.33) = 10.447. (6.13.x)

The household is happier under the cash subsidy policy.

(g) Now suppose the government considered subsidizing food more heavily.

Calculate the utility that the household will receive from three equally funded

policies: a 75% food price subsidy (i.e. a subsidy where the government

pays 75% of food bills), a food stamp program and a cash gift program.

Answer: First, consider the price subsidy program that lowers the price

p1 from 1 to 0.25 while keeping I at $1,500. This will result in food and

other good consumption of
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x1 =
αI

(α+1)p1
=

0.5(1500)

(1.5)(0.25)
= 2000 and x2 =

I

(α+1)
=

(1500)

1.5
= 1000.

(6.13.xi)

The utility of this bundle is then

u(price subsidy) = u(2000,1000) = 0.5ln(2000)+ ln(1000) = 10.708.

(6.13.xii)

Since food consumption under the price subsidy is 2000, this implies S =

0.75(2000) = 1500. If S = 1500 is simply given as cash (where income then

becomes $3000 and p1 goes back up to 1), this will result in food and other

consumption of

x1 =
αI

(α+1)p1
=

0.5(3000)

(1.5)(1)
= 1000 and x2 =

I

(α+1)
=

(3000)

1.5
= 2000,

(6.13.xiii)

giving utility of

u(cash) = u(1000,2000) = 0.5ln(1000)+ ln(2000) = 11.055. (6.13.xiv)

Finally, under the food stamp program of size S = 1500, the household

would be forced to consume $1500 of food rather than $1000 of food that

it would have chosen had the money been given in terms of unrestricted

cash. Thus, under food stamps, the consumer would buy the bundle

(1500,1500) giving utility

u(food stamps) = u(1500,1500) = 0.5ln(1500)+ ln(1500) = 10.970.

(6.13.xv)

Here the food stamp program has gotten so large that it is no longer equiv-

alent to getting cash — and so the consumer prefers the cash to the food

stamps but still prefers the food stamps to the food price subsidy.

Exercise 6.15

Policy Application: AFDC and Work Disincentives: Consider the AFDC program

for an individual as described in end-of-chapter exercise 3.18.

A: Consider again an individual who can work up to 8 hours per day at a wage

of $5 per hour.

(a) Replicate the budget constraint you were asked to illustrate in 3.18A.

Answer: This is done in panel (a) of Exercise Graph 6.15(1), with leisure

hours on the horizontal and consumption dollars on the vertical axis.
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Exercise Graph 6.15(1) : AFDC and Work Disincentives

(b) True or False: If this person’s tastes are homothetic, then he/she will work

no more than 1 hour per day.

Answer: This is false. Suppose, for instance, that leisure and consump-

tion were perfect complements in the sense that this person wants to

consume 1 hour of leisure with every $35 of consumption. Indifference

curves would then be L-shaped, with corners happening at bundles like

(1,35) and (2,70). This would imply an optimal choice at (1,35) where the

worker takes exactly 1 hour of leisure per day and works 7 hours per day.

Such tastes are homothetic, as are less extreme tastes that allow for some

(but not too much) substitutability between leisure and consumption. An

example of an indifference curve uD from a somewhat less extreme indif-

ference map is illustrated in panel (a) of the graph — with tangency at

D.

(c) For purposes of defining a 45-degree line for this part of the question, as-

sume that you have drawn hours on the horizontal axis 10 times as large as

dollars on the vertical. This implies that the 45-degree line contains bun-

dles like (1,10), (2,20), etc. How much would this person work if his tastes

are homothetic and symmetric across this 45-degree line? (By “symmet-

ric across the 45-degree line” I mean that the portions of the indifference

curves to one side of the 45 degree line are mirror images to the portions of

the indifference curves to the other side of the 45 degree line.)

Answer: Panel (b) of the graph depicts this “45 degree line” where $10 on

the vertical axis is the same distance as 1 hour on the horizontal. In order

for indifference curves to be symmetric around this line, it must be that

the slope of the indifference curve for bundles on the 45 degree line is −1.

But since we are measuring $10 as geometrically equivalent to 1 hour, a

slope of −1 is really a slope, or MRS of −10. If we were to draw a line from
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the point (0,40) to (3,30), this line would have a slope of −10/3. But any

indifference curve has a slope of −10 on the 45 degree line — so we know

that the indifference curve at (3,30) has a slope of −10 at that point and

gets steeper to the left. So all indifference curves going through (3,30) or

above on the 45 degree line pass above the budget constraint to the left of

the 45 degree line. Thus, such “symmetric” tastes will have an optimum

to the right of the 45 degree line — most likely at B but plausibly between

B and A.

(d) Suppose you knew that the individual’s indifference curves were linear but

you did not know the MRS. Which bundles on the budget constraint could

in principle be optimal and for what ranges of the MRS?

Answer: Bundles on the budget between A and B could be optimal, as

could bundle E . In particular for MRS between 0 and −10/7, E would be

optimal and the individual would work all the time and take no leisure.

This is because indifference curves would be straight lines with sufficiently

shallow slope to make the corner solution E optimal. For MRS between

−10/7 and −5, B would be optimal. For MRS = −5, any bundle on the

budget between B and A is optimal, with all these bundles lying on one

indifference curve that is also the highest possible indifference curve for

such an individual. Finally, for MRS less than −5, A becomes the optimal

bundle.

(e) Suppose you knew that, for a particular person facing this budget con-

straint, there are two optimal solutions. How much in AFDC payments

does this person collect at each of these optimal bundles (assuming the per-

son’s tastes satisfy our usual assumptions)?

Answer: The only way there can be exactly two optimal solutions is if one

of these is B and the other lies anywhere from E to C . The person collects

no AFDC between E and C but the full $25 daily benefit at B .

B: Suppose this worker’s tastes can be summarized by the Cobb-Douglas utility

function u(ℓ,c) = ℓ1−αcα where ℓ stands for leisure and c for consumption.

(a) Forget for a moment the AFDC program and suppose that the budget con-

straint for our worker could simply be written as c = I −5ℓ. Calculate the

optimal amount of consumption and leisure as a function of α and I .

Answer: We need to solve the problem

max
ℓ,c

u(ℓ,c) = ℓ1−αcα subject to c = I −5ℓ. (6.15.i)

Setting up the Lagrangian, taking first order conditions and solving for ℓ

and c, we get

ℓ=

(1−α)I

5
and c =αI . (6.15.ii)
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(b) On your graph of the AFDC budget constraint for this worker, there are two

line segments with slope −5 — one for 0-2 hours of leisure and another

for 7-8 hours of leisure. Each of these lie on a line defined by c = I − 5ℓ

except that I is different for the two equations that contain these line seg-

ments. What are the relevant I ’s to identify the right equations on which

these budget constraint segments lie?

Answer: It’s easy to see from the graph that I is 40 for the lower line and

65 for the higher.

(c) Suppose α = 0.25. If this worker were to optimize using the two budget

constraints you have identified with the two different I ’s, how much leisure

would he choose under each constraint? Can you illustrate what you find

in a graph and tell from this where on the real AFDC budget constraint this

worker will optimize?

Answer: When I = 40, he would optimize at ℓ = (1− 0.25)40/5 = 6 and

when I = 65, he would optimize at ℓ = (1− 0.25)65/5 = 9.75. This is il-

lustrated in panel (a) of Exercise Graph 6.15(2) where F with 6 hours of

leisure occurs on the lower budget line and G with 9.75 hours of leisure

occurs on the higher.

Exercise Graph 6.15(2) : AFDC and Work Disincentives: Part 2

F cannot be optimal inside the (bold) AFDC budget because it lies inside

that budget. G, on the other hand, lies outside the (bold) AFDC budget

and is therefore not feasible. But we do see that the indifference curve

uG is steeper than −5 on the ray connecting the origin to the kink point

A — which implies the highest possible indifference curve on the bold

AFDC budget goes through that kink point. Utility at A = (8,25), for in-

stance, would be u(8,25) = 80.75250.25
= 10.63 while utility at B = (7,30)

is u(7,30) = 70.75300.25
= 10.07. Thus, the real optimum when α = 0.25 is

bundle A with no work and all leisure.

(d) As α increases, what happens to the MRS at each bundle?

Answer: The MRS for u(ℓ,c) = ℓ1−αcα is
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MRS =−

∂u/∂ℓ

∂u/∂c
=−

−(1−α)ℓ−αcα

αℓ1−αcα−1
=−

(1−α)c

αℓ
. (6.15.iii)

Thus, at any bundle (ℓ,c), the MRS becomes larger in absolute value as

α decreases and smaller in absolute value as α increases. Put differently,

the slope of an indifference curve at any bundle becomes steeper as α

gets smaller and shallower as α gets larger.

(e) Repeat B(c) for α= 0.3846 and for α= 0.4615. What can you now say about

this worker’s choice for any 0 < α < 0.3846? What can you say about this

worker’s leisure choice if 0.3846 <α< 0.4615?

Answer: When α= 0.3846, ℓ= (1−0.3846)40/5 = 4.92 at the lower budget

line and ℓ = (1− 0.3846)65/5 = 8 on the higher budget line. The solu-

tion on the lower budget line lies inside the AFDC budget and is there-

fore not optimal. The solution of 8 hours of leisure on the higher budget,

on the other hand, is within the AFDC budget — it is bundle A. Thus,

when α = 0.3846, the highest possible indifference curve on the AFDC

budget is just tangent to the extended budget line c = 65−5ℓ at A. Since

lower α’s mean steeper indifference curves at every point, we can con-

clude from that that A will be optimal for all α’s that lie between 0 and

0.3846. When α = 0.4615, ℓ= (1−0.4615)40/5 = 4.31 at the lower budget

line and ℓ= (1−0.4615)65/5 = 7 on the higher budget line. The solution

on the lower budget is again inside the AFDC budget — so it cannot be op-

timal. The solution of 7 leisure hours on the higher budget, on the other

hand, corresponds to B on the AFDC budget. Thus, when α= 0.4615, the

highest indifference curve on the AFDC budget is just tangent to the ex-

tended budget line c = 65−5ℓ at B . Since the slope of indifference curves

becomes steeper as α falls, this implies that, for α between 0.3846 and

0.4615, the optimal leisure choice will lie in between A and B on the AFDC

budget at ℓ= (1−α)65/5 = 13(1−α).

(f) Repeat B(c) for α= 0.9214 and calculate the utility associated with the re-

sulting choice. Compare this to the utility of consuming at the kink point

(7,30) and illustrate what you have found on a graph. What can you con-

clude about this worker’s choice if 0.4615 <α< 0.9214?

Answer: When α = 0.9214, ℓ = (1−0.9214)40/5 = 0.629 giving consump-

tion of w(8−ℓ) = 5(8−0.629) = 36.856. (On the higher budget line, ℓ =

(1−0.9214)40/5 = 1.02 which lies outside the AFDC budget). The bundle

on the lower c = 40−5ℓ line, (0.629,36.856), gives utility u(0.629,36.856) =

0.629(1−0.9214)36.8560.9214
= 26.76. At B , the consumer would get utility

u(7,30) = 7(1−0.9214)300.9214
= 26.76. Thus, the optimal bundle H on the

budget line c = 40−5ℓ lies on the same indifference curve as B — as de-

picted in panel (b) of Exercise Graph 6.15(2). For α < 0.9214, the indif-

ference curve at H would be steeper and would therefore cut the AFDC

budget while passing below B — and thus B is optimal for α just below

0.9214. Thus B is the optimal bundle for 0.4615 <α< 0.9214.

(g) How much leisure will the worker take if 0.9214 <α< 1?
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Answer: Given that indifference curves become shallower at every bun-

dle as α increases, we know that the indifference curve at H will be shal-

lower for α> 0.9214 than the one depicted in panel (b) of Exercise Graph

6.15(2). This implies that the optimal bundle for α> 0.9214 lies to the left

of H at ℓ= (1−α)40/5 = 8(1−α).

(h) Describe in words what this tells you about what it would take for a worker

to overcome the work disincentives under the AFDC program.

Answer: The exponent α tells us how much weight a person places in his

tastes on consumption rather than leisure. When α is high, consumption

is valued much more than leisure — so even a small increase in consump-

tion can justify giving up a lot of leisure. Thus, for very high α, it is possi-

ble that someone with the AFDC budget constraint will in fact work close

to full time despite the work disincentives. But that person’s tastes would

have to be pretty extreme — he would have to place virtually no value

on leisure time. For anyone that places some non-trivial value on leisure

time — which implies α isn’t close to 1 or, to be more precise, α< 0.9214

— the payoff from working close to full time is simply not high enough

to sacrifice that much leisure. Thus, for most values of α, the person will

choose to work less than 1 hour per day.

Conclusion: Potentially Helpful Reminders

1. Keep in mind the distinction between how the MRS changes along an in-

difference curve (which tells us about substitutability) and how the MRS

changes across the indifference map (which leads to ideas like homotheticity

and quasilinearity).

2. The idea of substitutability will become critical in Chapter 7 when we intro-

duce substitution effects (which will depend only on the shape of an indif-

ference curve). The ideas of homotheticity and quasiliearity become impor-

tant as we introduce income effects (in Chapter 7) — which will be measured

across an indifference map (rather than along an indifference curve).

3. Extremes like perfect substitutes and perfect complements are useful to keep

in mind because they make it easy to remember which way an indifference

map looks if the goods are relatively more substitutable as opposed to rela-

tively more complementary and vice versa.

4. Special cases like homothetic and quasilinear tastes will become useful bor-

derline cases in Chapter 7 — with homothetic tastes being the borderline

case between luxury goods and necessities, and with quasilinear tastes be-

ing the borderline case between normal and inferior goods. (These terms are

defined in Chapter 7.)


